The determination of equilibrium-state in gas-solid materials systems is of practical interest; this consists of finding the values of intensive variables such as mole-fractions, partial pressures, activities or chemical potentials of constituents that occur in the gaseous and solid phases for stipulated temperature, pressure and initial reactant-gas composition. The mass-action iterative equilibrium constant method, shown to be a direct derivative of the minimization of Gibbs free energy, was used to compute the equilibrium-state in the carburizing and decarburizing ironcarbon heat treatment systems. By suitably combining the equilibrium partial pressure data with the extent of reaction formalism, the optimum feed-gas mixtures that ensured neutral atmospheres were determined.
Introduction
The determination of equilibrium-state in high temperature systems is undertaken for practical considerations. At elevated temperatures, chemical processes (reactions) and transport phenomena occur at rapid rates and thus the equilibrium model tends to give a good representation of the actual state of the system. In general, for a system in stable equilibrium, the entropy is at maximum whereas the Gibbs free energy is at a minimum. That is, for chemical reaction equilibrium at constant temperature and pressure, the firstderivative of Gibbs free energy with respect to extent of reaction (") is nil.
ð@G=@"Þ T,P ¼ 0 ð1Þ
where the variable " is indicative of the progress of the reaction. 1) For the purpose of illustration, let us consider the dissociation of one mol of copper iodide trimer into monomeric species at T ¼ 1600 K and P ¼ 0:5 atm (50.663 kPa) total pressure. Cu 3 I 3 (g) ¼ 3CuI(g); ": extent of reaction ð2Þ (1 À ") mol 3" mol; (1 þ 2"): molar amount of gas-phase:
The total Gibbs free energy G t of the monomer-trimer system can be readily expressed in terms of chemical potentials and the respective molar amounts as follows:
þ RT ln P 3 Þ ð3Þ Using the data of Knacke and co-workers 2) for standard chemical potentials, in JÁmol À1 , 1 ¼ À318551 þ RT ln P 1 with P 1 ¼ ½3"P=ð1 þ 2"Þ for CuI(g); 3 ¼ À942411 þ RT ln P 3 with P 3 ¼ ½ð1 À "ÞP=ð1 þ 2"Þ for Cu 3 I 3 (g):
At " ¼ 0:05 mol, P 1 ¼ 6908 Pa (0.06818 atm) and P 3 ¼ 43754 Pa (0.43182 atm) with the result the chemical potentials become 1 ¼ À354277 JÁmol À1 and 3 ¼ À953582 JÁmol À1 ; and eq. (3) yields G t ¼ À959045 J. It is advantageous to select as reference state 1.0 mol of trimer at 1600 K and 50.663 kPa (0.5 atm), with reference chemical potential
Thus, G sys , the relative free energy of the system becomes:
At " ¼ 0:05 mol, eq. (4) together with the above values of 1 and 3 yields G sys ¼ À7413 J. The results of similar calculations for G sys at several values of the variable " are presented in Fig. 1 . The free energy plot is seen to exhibit a minimum at " ¼ " e , the equilibrium extent of reaction. From eqs. (1), (3) and (4), it is clear that for the system at equilibrium,
Fig. 1 Gibbs free energy (G sys ) of the trimer-monomer system shown as a function of the extent (") of reaction Cu 3 I 3 = 3CuI. The free energy minimum G sys ¼ À34:73 kJ occurs at " e ¼ 0:8078 mol, equilibrium-state for the system, at 1600 K and 50.663 kPa (0.5 atm).
On expressing the equilibrium partial pressures of the monomer (P 1e ) and the trimer (P 3e ) in terms of the equilibrium extent of reaction (" e ), eq. (5) provides,
total pressure P ¼ 0:5 atm (50.663 kPa)
Using K e ¼ expð13242=1600RÞ ¼ 2:706 for the equilibrium constant at 1600 K, the above equation was solved by trial and the equilibrium extent of reaction was determined: " e ¼ 0:8078 mol. This value corresponds to equilibrium partial pressures of P 1e ¼ 46:944 kPa for CuI(g) and P 3e ¼ 3719 Pa for Cu 3 I 3 (g), respectively. The saturation vapor pressure of CuI(liq) is 55.151 kPa at 1600 K; and the system remains all-gas at the 50.663 kPa (0.5 atm) total pressure. The free energy minimum in Fig. 1 is found: since 1e ¼ À328786 J and 3e ¼ À986377 J, it can be readily shown that G sys ¼ À34:73 kJ. A small shift from the equilibrium-state, say, to " ¼ " e À , where ¼ 0:0122 mol gives G sys(À) ¼ À34:723 kJ; in a similar manner, " ¼ " e þ provides G sys(+) ¼ À34:722 kJ. The net positive change in G sys due to small displacement '' in either direction can be construed as confirmation of the minimum in the G sys -" curve for the system initially composed of 1 mol Cu 3 I 3 (g) trimer.
In the computation of equilibrium-state by minimizing Gibbs free energy (G t ), subject to the (elemental) atombalance constraints, the linear programming techniques pioneered by White, Johnson and Dantzig 3) continue to occupy a favored position. An excellent review of the literature on equilibrium computation is offered by Smith and Missen. 4) It is well to note that the free energy minimization procedure does not make use of stoichiometric equations that represent chemical reactions occurring in the system. In contrast, the latter form the main basis for law of mass-action calculations: Damköhler and Edse 5) employed the non-linear equilibrium constant expressions formulated in terms of species partial pressures and a converging successive approximations scheme to compute the equilibrium compositions in the rocket-fuel-combustion systems; the CruiseVillars method 6, 7) likewise makes use of reaction equilibria, and equilibrium constants expressed in terms of molefractions of species present in the system, to determine the equilibrium-state. The accelerated or the brute-force convergence technique reported by Bahn, 8) and later developed by Kellogg, 9) bears a close resemblance to the earlier work of Damköhler and Edse.
5) The selection of prime state variables (partial pressures of major species) and the direct use of equilibrium constants to calculate the remaining quantities are the main characteristics of this unusually-resilient computational method, especially suited for application to the determination of steady-states in closed-systems. 10, 11) The free energy minimization algorithms such as the Rand, 3) the NASA 12) and the Solgas 13) retain a large following in the scientific community. At this juncture, it is well to note that there is no real dichotomy between the two approaches seeking to solve the problem of equilibrium; it remains to be shown that by minimizing the total free energy of the system in accordance with appropriate analogs of eq. (1), one can obtain the entire framework of the iterative equilibrium constant method, 14) the ingenious computational scheme that originates with Damköhler and Edse.
5)

Fe-C-H-O Gas-Solid System
Iron-carbon alloys are heat treated at high temperatures, usually in the range of 900-1050 C, under controlled atmospheres that consist of carbon monoxide, hydrogen, methane and water vapor. Such atmospheres can produce carbon-transfer between the gas-phase and the solid alloy. Carburizing occurs under CO-rich atmosphere with a net addition of carbon to the hot steel surface. When the gasphase is carbon-deficient and contains reactants carbon dioxide and water vapor in sufficient concentrations, rapid decarburization of the Fe-C(s) alloy takes place. During heat treatment under a neutral C-H-O atmosphere, there is neither the addition nor the removal of carbon from the surface of the hot steel; the composition of such an atmosphere would be regarded as equilibrium-state for the two-phase Fe-C-H-O system at the stipulated temperature and total pressure. Under heat-treating conditions that do not produce oxidation of the iron-constituent, the following species are normally present in the high-temperature system: CO, CO 2 , CH 4 , H 2 , H 2 O: gas-phase; C, Fe: solid-alloy
The atom-matrix constructed of these seven species has a rank of four (that is, four kinds of atoms Fe, C, H, and O underlie the species); according to Gibbs stoichiometric rule, at the most three independent reaction equilibria are possible in this system: r m ¼ 7 À 4 ¼ 3. The total Gibbs free energy of the system can be expressed in terms of molar amounts n i and chemical potentials i of the species.
where n S and n I denote the respective molar amounts of carbon and iron in the solid alloy. The elemental mass balances for the solid/gas system can be formulated as follows:
Differentiation of these mass-balance equations with respect to n CO yields
Since the iron constituent is not partaking in any reactions, eq. (10) is disregarded. Upon rearrangement of terms in the foregoing relations one obtains,
The equilibrium-state for the heterogeneous system at specific temperature and pressure corresponds to a minimum in the Gibbs free energy. Thus, the first-differential of G t with respect to molar amount n CO of carbon monoxide must equal zero. From eq. (6),
Substituting for the respective partial derivatives from eqs. (11), (12) and (13), it is found
It is readily seen that each group of terms enclosed in the square brackets must vanish in order to satisfy eq. (14) . Accordingly, the relations in terms of i 's and the corresponding reaction equilibria are as follows:
It will be noted that the extensive quantities " 1 , " 2 and " 3 represent the extents of reaction for the equilibria (R1), (R2) and (R3), respectively. Thus, the minimization of free energy subject elemental mass balances shows that there exist three independent reactions or chemical potential constraints in this system.
Equilibrium-state in Steel Heat-Treating Systems
The iron-carbon phase diagram shows that austenite is an important phase, especially in steels at high temperatures; it is a homogeneous solid solution of carbon in face-centeredcubic -iron with a solubility limit of 2.11 w=o carbon at 1153 C. The activity (a C ) of carbon in austenite was investigated as a function of temperature and mole-fraction (X C ). The following relationship was developed by Elliott and Chipman 15) using the extensive experimental data of Ban-ya et al. 16) on carbon activities in austenite:
where the logarithms are for base ten and the temperature (T) is expressed in Kelvins. The unknown intensive quantities are the chemical potentials CO , CO 2 , CH 4 , H 2 , H 2 O , C and Fe -seven altogether; furthermore, for the gas-phase, i ¼ o i þ RT ln P i where P i is the i-th species partial pressure; in the Fe-C(s), C ¼ o C þ RT ln a C and the non-independent Fe ¼ o Fe þ RT ln a Fe can be readily found by performing Gibbs-Duhem integration of eq. (18) . The application of Gibbs phase rule shows the system has four degrees of freedom; hence four state properties must be assigned specific values in order to fully define its thermodynamic state: (i) temperature (T) (ii) total pressure (P) (iii) inlet gas-composition, that is, (H=O) atom-ratio of feed-gas (iv) mole-fraction (X C ) of carbon in steel. For the purpose of illustration, the heat treatment of Fe-C(s) solid solution with X C ¼ 0:02 (or 0.44 w=o C) at T ¼ 1200 K and P ¼ 101:325 kPa (1 atm) is considered; for the solid-phase, eq. (18) atom-ratio of 3.5; a feed-gas having the same atom-ratio can also be constituted by mixing 3.5 mols H 2 and 2 mols CO. Whether such a gas-mixture transfers carbon to the Fe-C solid-solution at the specified temperature and pressure remains to be established. Furthermore, the composition of the feed-gas that ensures a neutral atmosphere-one that entails zero carbon-transfer between phases-is of practical interest; it should be determined as part of the equilibriumstate calculation. While changes may occur in n C , the molar amount of carbon, and n C =n O (¼ C=O) atom-ratio of the gasphase, as it reaches a state of equilibrium with the Fe-C(s), the atom-ratio H=O remains the same. Similar behaviour is indicated when the feed-gas is relatively lean with respect to carbon; in this instance, however, there will be a net transfer of carbon from the solid-alloy to the gas-phase resulting in a decarburized surface-layer on the steel specimen.
Method of Calculation
The details of the iterative solution that makes use of equilibrium constants for the reactions (R1), (R2) (15), and rearranging terms, it is found for reaction (R1),
Thus, the equilibrium constant K 1 of reaction (R1) at 1200 K is given by
Similarly, one finds for reaction equilibria (R2) and (R3), from eqs. (16) and (17),
Furthermore,
The molar amounts of the species can be expressed in terms of extents of reactions:
ð22d-fÞ
The net carbon-transfer, Á C , from the gas-phase to Fe-C(s) is readily determined using,
The iterative method described by Rao 17) is similar in many respects to the earlier works 5, 8, 9) that employ successive approximations scheme to secure a converged solution. Of the five gaseous species listed, the two species CH 4 and CO are selected as 'majors' and reasonable estimates are made for their partial pressures: P CH 4 ¼ 0:2P and P CO ¼ 0:4P. The partial pressures of species H 2 O, CO 2 and H 2 are computed using the eqs. (19), (20), and (21) for the equilibrium constants K 1 , K 2 and K 3 . At 101.325 kPa and a C ¼ 0:24058,
The new values for PE, the total pressure, and RHE, the H=O atom-ratio, are computed:
Both of these exhibit large departures from the constraining values: P ¼ 101:325 kPa and RH ¼ 3:5; thus, the first iteration values for the five P i 's obtained above do not represent equilibrium data. The following convergence equations are introduced to modify the two estimates admitted for the majors CH 4 and CO at first iteration: 
With these modified values, the next iteration is completed and new values computed for the P i 's, PE and RHE. The computation is continued until the absolute departure of PE from P and that of RHE from RH, match the limits defined below: For the particular equilibrium between Fe-C(s) alloy containing 0.44 w=o C and a feed-gas with the H=O atom-ratio (RH) of 3.5, converged solution required 341 iterations. The data on equilibrium partial pressures are summarized in Table 1 ; the high C feed-gas consists of 1.0 mol each of CH 4 , CO and H 2 O and 0.5 mol H 2 , with an atom-ratio RH ð¼ H=OÞ o equal to 3.5. The iron-carbon solid solution contained 0.44 w=o C which corresponds to a carbon-molefraction of 0.02 and an activity of a C ¼ 0:24058. It will be noted that the equilibrium gas-phase is relatively lean in CH 4 and CO 2 ; in lieu of CH 4 , if one were to choose H 2 as major species, converged solution is obtained in fewer iterations (184 to be exact). The carbon-to-oxygen atom-ratio decreases from RC ¼ 1:0 in the feed-gas to RCE ¼ 0:91842 of the equilibrium gas-phase; thus, there is a net transfer of carbon to the Fe-C(s) alloy. The amount of carbon transferred can be determined by eq. (23) using the extents of reactions evaluated from the data on equilibrium pressures.
and " 3 ¼ 2:86127 mol : High C ( Table 1 )
and " 2 ¼ 0:0483 mol : High C (column 3, Table 1 ) 
and " 1 ¼ 0:78063 mol : High C ( Table 1) Substitutions into eq. (23) yield for net carbon transfer (Á C ) a value of 0.1631 mol; it is clear that prolonged heat treatment under 'High C' atmosphere promotes carburizing of steel. In contrast, the 'Low C' feed-gas (column 4, Table 1 ) induces a net transfer of C from the solid-alloy phase to the gaseous mixture; in this case, Á C ¼ À0:18027 mol. The equilibrium (C=O) atom-ratio, RCE ¼ 0:91842, is of significance in that it allows an exact prediction of the desired feed-gas composition to maintain a neutral atmosphere. In a four species feed-gas, with 1 mol CO and 0.5 mol H 2 , the molar amounts of CH 4 and H 2 O are:
The equilibrium feed-gas thus contains 1.1126 mols CH 4 , 1.3002 mols H 2 O, 1 mol CO and 0.5 mol H 2 ; under this atmosphere (RH ¼ 3:5; RC ¼ 0:91842) there occurs zero carbon-transfer, that is Á C ¼ 0. Alternatively, a feed-gas containing 28.43 mol% CH 4 , 33.23 mol% H 2 O, 25.56 mol% CO and 12.78 mol% H 2 ensures that the carbon-content of the Fe-C(s) alloy does not change during heat treatment at 1200 K.
Discussion of Results
The effect of varying the H=O atom-ratio of the feed-gas from RH ¼ 1:5 to RH ¼ 8 was investigated for an Fe-C(s) alloy with X C ¼ 0:02 (or 0.44 w=o C) at 101.325 kPa total pressure and 1200 K; the inlet gas mixtures were usually rich in carbon (or High C). The equilibrium gas composition-P i 's of species CH 4 , CO, CO 2 , H 2 O, H 2 -and the corresponding carbon-to-oxygen atom-ratio (RCE) were computed. The results are listed in Table 2 ; it will be noted that
A careful study of the data reveals that the inlet-gas C=O atom-ratio (RC) is consistently larger than the corresponding equilibrium value (RCE); thus carbon-addition to the solidphase is indicated for each of the seven feed-gas compositions selected. The influence of H=O (or RH) atom-ratio on the equilibrium C=O (or RCE) atom-ratio appears to be small; for the most part, RCE % 0:92 (Table 2) . However, as the last column shows, for an iron-carbon alloy with X C ¼ 0:05 (or 1.12 w=o C) at 1200 K and 101.325 kPa total pressure, the equilibrium carbon-to-oxygen ratio (RCE) of the gas-phase is decidedly larger. One can use the data given in Table 2 in combination with eqs. (26) and (27) to constitute a feed-gas-mixture that serves as a neutral atmosphere for the heat treatment of steels.
As the hydrogen-to-oxygen atom-ratio (RH) of the inlet reactant gas-mixture is increased (Table 2) , it is seen that the H 2 -concentration of the equilibrium gas-phase rises from about 42 mol% at RH ¼ 1:5 to about 80 mol% at RH ¼ 8 while that of the carbon monoxide declines from about 53 mol% to 18 mol%. Similar trends were noted in the composition of the gas-phase in equilibrium with an iron-carbon alloy containing 1.12 w=o C (or X C ¼ 0:05). The effect of temperature on the equilibrium-state in the two-phase (C-O-H-Fe) system was investigated: at T ¼ 1300 K and 101.325 kPa total pressure, the equilibrium partial pressures were calculated for the iron-carbon alloys with X C ¼ 0:05. The data on the standard chemical potentials ( À1 ; furthermore, K 1 ¼ 9:47, K 2 ¼ 0:47832 and K 3 ¼ 11:4307, respectively. The equilibrium calculations were made with the feed-gas H=O atom-ratio (RH) varied over a wide range; and the results are presented in Table 3 .
The chosen inlet-gas mixtures are expected to add carbon to the solid-alloy during the heat treatment; the net carbontransfer (Á C ) was computed from the equilibrium gas-phase partial pressures for each of the seven H=O atom-ratios. The zero-addition neutral atmosphere that maintains an unchanging carbon-content of the Fe-C(s) alloy is easily established by means of eqs. (26) and (27) using the data on RH and RCE of Table 3 . For instance, a feed-gas consisting of 1.0108 mols Table 2 Effect of feed-gas composition on equilibrium in the C-O-H-Fe system at 1200 K and 101.325 kPa (1 atm) for X C ¼ 0:02 (0.44 w=o C). Selecting the results of equilibrium calculation for the Fe-C(s) alloy containing 1.12 w=o C (or X C ¼ 0:05) and a feedgas with a H=O atom-ratio of RH ¼ 3:5 (column 5, Table 3 ), the equilibrium partial pressures of the minor species are determined as follows: Thus, neglecting the presence of species OH(g), H(g) and O 2 (g) in the C-O-H-Fe system does not have any significant effect on the results of the equilibrium calculations.
Conclusions
The mass-action equilibrium constant method, derived by minimizing Gibbs free energy, determines the equilibriumstate in terms of intensive state variables (P i 's); these data are then combined with extent of reaction formalism 1) to deduce extensive quantities such as the molar amounts of species at equilibrium. Table 3 Effect of feed-gas composition on equilibrium in the C-O-H-Fe system at 1300 K and 101.325 kPa (1 atm) for X C ¼ 0:05 (or 1.12 w=o C). 
